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FORCED VIBRATIONS OF A PIEZOCERAMIC CYLINDRICAL SHELL WITH
LONGITUDINAL POLARIZATION"

N.N. ROGACHEVA

Forced vibrations of a circular cylindrical piezoceramic shell with
longitudinal polarization caused by an electric load applied to electrodes
on the shell edge are considered. A numerical computation is performed
by the partition method for the electroelastic state, and values of the
coefficient of electromechanical coupling obtained by different formulas
are compared.

1. wWe select the system of orthogonal curvilinear dimensionless coordinates &, ¢ such
that the !-line coincides with the generatrix and the ¢~line with the directrix of the
cylinder.

We write down the system of equations for the electroelastic shell under consideration
in the selected coordinates and we omit here certain equations not used below.

The equilibrium equations

aTy,/d% — nSy, + Au, =0 (1.1)
Ty + 8%dN1,/dE — e*nN,, + Mv, = 0
d8,20/8E + nTly, — Nyy + v, =0 {1.2)
Nin = dGy,/d 1.3)
The electroelasticity relationships
Tip = &5 + Va2an — Epny  Tap = 6 (8gn 4 Vi81a) — C1aFin {4
Sien = Sain = (0 — dy5799¢3  Epp)/9,,Fng (1.9)
Gin = —€My, (1.6)
Dy, = 8357 (63851) "E1n + Typ + dsg (d5) Ty a.7)
Dy = €37 (c3851) "Egn + 1531 S1an. .8
The electrostatics equations
aD,,/dt — nDy, =0 {1.9)
Ejn = ~dP,ldt, Eg, = —npa 1.10)
The strain-displacement formulas
€in = Au,/dE, &3, = —nv, — qW, 1.11)
w, = dv,/d¢ + nu, (1.12)
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Ay = dw,/dE? (1.13)

The number g in the second formula in (1.11) will be zero or unity depending on the kind
of shell vibrations that are taking place.

It is taken into account here and henceforth that the desired quantities vary with time
t according to the law ¢! (0 is the angular frequency), consequently, all the equations are
written in the amplitude values of the desired quantities. Moreover, all the desired guan-

tities. Moreover, all the desired quantities are expanded in Fourier series in the coordinate
4
o o
P,== 3\ P,,sinng, P,= D P,,cosng (1.14)
‘n==1 n=s1
Any of the quantities v, T, Ty, u, w, &, &, %, Ey, Dy, G; 1is understood to be P; and any

of the quantities S;,, v, ®, Ey, Dy, N); Py, to be P, while
The

P,, are functions ot the variable E.

u, v, w in (1.1)-(1.13) are displacements of points of the middle surface along the
coordinates lines £, ¢ and in the normal direction, respectively, T,, Ty Sy Sy; are forces,
G, G, are bending moments, N;, N, are transverse forces, % is the electric potential, D,
D,. are the electric induction vector components, and E,, E, are the electric field vector
components. The standard notation /2/ is used for the physical constants, where the exceptions
are certain quantities introduced in /1/ and given by the following formulas:

Ny = 953%/8, nyy = 835/, nyy = ngy = —3,,%/8
€1 = (519357 —d333155)/8, ¢; = (Ayy81,F—dgy9,,7)/8
N — —~ —
= 81,5955% — (8155)%, Vi = nyp/nu, O = ny/ng, ¢y = 51',%

For convenience, the desired dimensionless quantities are introduced into (1.1)-(1.12)

and are related to the desired dimensional quantities with the asterisk subscript in the
following manner:
T P S SN T (1.15)
- R TR — R 7 Dhng,
D N
" i
Rygp == by, Dy== daxr:z , €3N, = Zhr::;
G, N 212 3
— it — o1 — PO°R 1 P
G =g ST gy A= O =

vhere p is the density of the piezoceramic, h is half the shell thickness, and R is its
radius.
We will consider the shell edges covered by electrodes on which an electric potential is

given that varies sinusoidally

One of the most important
the electromechanical coupling
cal (mechanical) energy stored

with time and generates forced shell vibrations.
characteristics of the behaviour of piezoceramic elements is
coefficient (EMCC). It characterizes the ratio of the electri-
in the body volume that is capable of inversion to all the

delivered from outside to the piezoceramic body /3/. Several
One, proposed by Mason /2/ is to determine the EMCC

K = U 2U. Uy (1.16)

For the problem under consideration the mutual energy U,, the elastic energy U., and the
electrical energy U, are determined from the following formulas:

U= § (@51 T o Ere + dssT 168 1a ~+ dysS10nknn) ds

mechanical (electrical) energy
methods exist for calculating the EMCC.
k from the formula

(1.17)

Ue= S (511573 + 25155 T 14T - 535" Tiw + 5445 Son) ds
5

Usg=§ (enTEd + e TEN) ds
S

The integration here is over the shell middle suxrface S. The Mason formulas for the
energies are given in three-dimensional form. Formulas (1.17) are obtained as a result of
integrating the three-dimensional integrands over the thickness coordinate by discarding small
components in the theory of shells. Moreover, the moments are discarded since they are small
in the problem under consideration.

The dynamic EMCC is introduced by the formula

kgt = (02— 0,%) 0} (1.18)
where ©, is the resonance frequency and @, is the antiresonance frequency.
A. F. Ulitko proposed another energetic EMCC formula /3/
k2 = (U — U/ U® (1.19)
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2

U® — SZ(G‘*T" _f_m*S”_f_E“D,*)dS (#i=1,2)

i=]

where U® is the internal energy found for an electroelastic body with disconnected elec-
trodes, and U® is the internal energy of the same body with short-circuited electrodes.
The formula for U® can be obtained by replacing the superscript (p) by (k) in the last
relationship in (1.19). Exactly as in (1.17), the passage to the terminology of shell theory
is performed in the formulas for U® and U®,

The values of &k, is calculated as follows /3/., Firstly the strains are determined
from the solution of the original problem. Then two auxiliary problems should be solved
which are the integration of a second order differential equation in the electric potential
Y to calculate y®  and v®, This equation can be obtained by substituting the relation-
ships (1.7), (1.8}, (l1.10) into (1.9). It should here by considered that the strains are
known from the solution of the original problem. The arbitraries of the integration for P
are determined from the integral condition on the surface of each disconneéted electrode

{ =
{ Dpras,=o
1)

e

(S is the electrode surface), and for ¢® from the following electrical conditions on the
short-circuited electrodes:

y® k=g =0
where 2!R is the shell length.
After ¢P and %" have been found, it is not difficult to calculate y® and 0®.

2. Let the shell edges be covered by continuous electrodes on which values of the
electric potential are given

P jemps = 4 2.4)

The problem under consideration is axisymmetric. It is described by the Egs.(l.1l),
(1.3), (1.4), (1.6), (1.7), (1.9), (1.10), (l.11) and (1.13) in which we must put n =0, and
moreover, we discard the subscript n on the desired quantities for brevity. After reduction,
we write the system of equations in the form of three equations in the unknowns u, w, {:

3
2 Lu=0 (=1,2,3) (2.2)
=1

a2 d a2 d
Lu—:’;{z"i’xv L12=—"IV271_§" L13=‘g§Ty L21=0V1‘d§—

d d.
Ly=—|¢* vgr — =], La=cugr. Lu=agy
dﬂ
Lsz = — Gyq '?ig— ) Lsa = da dgﬁ

das dss sa,T . dag
m=on+g, G=(0tvgr) a=—g g
In (2.2) we have used the notation

Uy = U, Uy = w, Ug =1y 2.3

We will now introduce a new unkown function @. which we define from the equation

DO =0,D=|Ly|(ij=1,23 (29
The desired quantities u; are expressed in terms of @ as follows:
u; = Dy® (2.5)

where D3 is the cofactor of the element L.

We will investigate the electroelastic state of the shell as a function of the frequency
paraemter A. An asymptotic analysis of the equations of forced vibrations, performed using
the scheme of /1/, clarified the classification of the dynamic problems in which its own
approximate system of equations corresponds to each kind of vibrations. Without going into
the computations, which are similar to those made in /1/, we will describe the simplified
problem.

To do this we divide the whole range of variation of the frequency parameter A into the
following four sections: 1) 0 <A< 2, 2) |Ah— 4y | e, MMM, 4 A >Ah. The values of
A, and A; will be determined below.

The complete problem is separated into a membrane principal problem (PP) and a simple
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edge effect in the first section. To obtain the PP equation, it is necessary to set q=1,
g =0 in {1.1) and (1.11). Equating ¢ to zero denotes discarding the moment terms. The
complete problem is not separated into simpler ones in the second section since for [A— A, [ <
& the solution of the additional problem (AP) ceases to be rapidly varying in the direction
of the generatrix. The number A, is determined from the condition that the coefficient of

w g equals zero in the resolving equation of the AP, presented in /1/

A o O —viva) eas”
() S
E:xaT + dg1 (voca — 1)

In this case the bending theory of shells should be used by setting g equal to one and

¢ different from zero.

In the third section of the change in the frequency parameter A the complete problem
is separated into the membrane PP and the AP, where the solution of the AP will be oscillating
without damping since gt is negative in the resolving equation of the AP for values A, >
A> A . To obtain the eguation of the membrane PP it is necessary to set £ =20,¢=1 in (1.1)
and (1.11).

For values of A > ), where A;>»1 (the fourth section), the shell performs guasitangen-
tial vibrations for which the greatest value of w is A times less than the greatest values
of u. Consequently, the complete problem can be separated into a PP describing quasitangential
vibrations and an AP whose solution is oscillation with index of variability (1 + /2, where
s is the index of variability of the solution of the PP, whose equations are obtained from
(1.1) and (1.11) for e =10, ¢ = 0. Here equating g to zero denotes neglecting w compared
with u.
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We will perform a computation using approximate equations as above. Such a separation
of the electroelastic state for each kind of vibration simplifies the calculation considerably.

In those cases vwhen the complete problem can be separated into a PP and an AP, we will
confine ourselves to the solution of the PP since the greatest desired quantities of the
electroelastic state (the stress, displacement and electric potential) described by the AP
equations near the edge are R/h times less than the corresponding greatest values of the PP
in the problem under consideration.

The calculation was performed for a shell made of the material P2T-4 /2/.

The amplitude values of the desired quantities of the first resonance are shown in Fig.l
for a shell of length 2R as a function of the longitudinal coordinate (the shell edges are
free from mechanical supports).

The dependence of the different electromechanical coupling coefficients on the freguency
parameter % is shown in Fig.2: the curve of k in (1.16) is denoted by dashes, that of &, in
(1.19) by a solid line, and values of k; in (1.18) are denoted by circles. Since k; character-
ises the values of the EMCC within the interval (A, %,] the circle in Fig.2 is set in the
middle of the interval (we consider k; to be the arithmetic mean of the EMCC for A+ and A,).
As is seen from Fig.2, all values of k4 lie on the curve of k, Computation of the EMCC by
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(1.16) yields qualitatively different results and since %; is the characteristic confirmed
experimentally and utilized extensively in practice, the agreement obtained confirms the
validity of the energetic formula introduced by A.F. Ulitko.

The dependence of the current I =I,08.d4un; on the frequency parameter J 1s shown in
Fig.3. The EMCC k; was determined according to the calculated values of the current (the
resonance and antiresonance frequencies correspond to infinite and zeroth values of the
current, respectively).

The results of the computation show that the EMCC takes the greatest values for quasi-
tangential vibrations, where it decreases as the shell length increases. Values of the EMCC

corresponding to the second section of the change in the frequency parameter A are close to
zero.

3. Let the shell edges be covered by slit electrodes on each of which the value of the
electric potential is given. We will expand the electrical load in a Fourier series in the
coordinate

‘H§=il=in§1 insinng (3.1)

where [, are constants.

We take the membrane system of Egs.(1.1), (1.2), (1.4), (1.5) and (1.7)-(1.12) as the
initial system of equations by setting & =0. This means that vibrations for whose descrip-
tion the moment equations of the theory of piezoceramic shells should be used are eliminated
from the consideration. There is a basis for this elimination: as is shown in the example
of the axisymmetric problem, almost-zero values of the EMCC correspond to values of the
frequency parameter A for which the complete problem does not separate into PP and AP,

The action of the electrical load on the shell endfaces is similar to the action of a
longitudinal load applied to the shell edge. Quasitransverse vibrations with low variability
correspond to values of the frequency parameter A comparable with one, and quasitangential
vibrations correspond to the values A>>1.

Quasitransverse vibrations with low variability are described by the membrane system of
equations in which g should be considered to be equal to one. In the quasitangential
vibrations equations g should be set equal to zero, which corresponds to discarding small
deflections w as compared with the displacements u and v. The system of equations solved
for u,, v, P, 1s written in the form of (2.2), while (2.3) must be replaced by the formulas

Uy = Upy Ug = Upy Ug =P, (3.2)

The following formulas hold for the elements L :

d? d a3
Ly=b aE + by Lyg=b x Lyy=b, ri =+ bs

d dt d
L21=el‘,{g‘n Ly=e, i + &g Lza=¢’4‘,g
d2 d d
L:u=d17§i‘+dzv L31=ds'd§v Lza=e4‘ﬁ
2
by=1——2_ovv, b=r——2
90 — X ® : S44 Pop
., 1
%:n(ww-—v— - )
og—h 2 sEnge
. 27
by=1—-T=r = p 0 a=1-— 4L
¢ og—h sufey ! 90 — A
1 1
e1=n[ v +0v1a], €, = , eg=»>—n3ca
844 Nae S4a" Nz
dyy da dys
e,=n C120 dy=ov,—%a =b
s [ okea + €12 ] s Oy 1T -+ Lt
d 4 d,
dy=—n? —2_ d=—n[(a n v—-—"’)a—#—
2 auTs“Enz: ’ 3 %T + 2 ZnT J
dig ]
-’«EGaa Rez

1 _duen dss nt dys?
= — g b] dy = 8T — 2
4 [ T g”T 41 5 2 T 11 i3
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The desired quantities u; are expressed in terms of the auxiliary function @ by (2.4)
and (2.5).
on the shell edges conditions (3.1) should be satisfied:

Pn e=tt = T a (3'3)
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for the n-th term of the expansion of the electric potential <.
To be specific we will examine the case when there are two electrodes on each endface on
which the following values of the electric potential are given:

(41, 0<g<n

VO k=t1=} -y ngc2a (3.4)

We will consider the shell edges to be unclamped

T;=0Sy=0E=x%x1) (3.5)

For shells with the boundary conditions (3.4) and (3.5) the first natural frequencies and
the EMCC are calculated by means of (1.16), (1.18) and (1.19) as a function of the shell length.
The results of the computations are presented in the table, 1Its first column contains
values of the ratioc between the shell length and its radius, the second column is the res-
onance frequency, the third is the antiresonance frequency, and values of the EMCC calculated

by different formulas are shown {(increasedby a factor of 103) in the following columns. The

superscripts (r) and (a) denote the EMCC values k0 and k@ found for the resonance
or antiresonance frequencies, respectively. As in the case of the axisymmetric problem, the
values of k; are in good agreement with the arithmetic mean of k, in the interval A, Al
(the agreement is even better with the mean-integral value of k).
' hy Ty ko100 a0 | a0 | w0ue | k@0
2.07 2.24 282 370 206 60 275
0.5 7.00 7.04 (5! 118 72 267 282
. 9.86 10.80 310 401 200 268 359
12.34 12,44 86 106 69 422 424
1.91 2.10 300 394 218 110 305
0.75 4.83 4.76 166 238 108 278 319
. 5.17 5.27 135 163 106 420 431
7.87 8.88 336 402 270 154 399
1.64 1.82 312 410 232 265 388
1 3.13 3.19 42 78 56 264 274
4.48 4.53 110 168 60 474 475
5.23 5.93 317 377 263 128 382
1.37 1.52 325 398 258 283 426
1.25 2.68 2.70 86 89 74 229 230
: 4.07 4.20 171 341 50 111 428
4,26 4.53 250 265 235 502 453

Thus, a calculation has been performed for a cylindrical shell polarized in the longitudi-
nal direction and with electrodes on the edges. It has been shown that either membrane
equations should be used in the computation, or quasitangential vibrations equations for fairly
high values of the frequency. The results of the computation enable us to deduce that the
EMCC reaches the highest values for shells with free edges that perform vibrations for which
the shell achieves the greatest displacements in the polarization direction. Moreover, the
results of the computation confirm the efficiency of the method proposed by A.F. Ulitko for
calculating the EMCC for any shell vibrations frequencies.
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